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This paper aims to provide an exact solution to the problem of sensible heat 
transfer and storage in fluid-solid systems. Periodically fluctuating operating 
conditions are considered in detail, and a simple solution procedure is proposed 
in order to obtain the fluid and solid temperature distributions for any periodic 
thermal energy supply. Some significant examples are solved explicitly, and the 
relevant results are reported and briefly discussed in order to examine directly 
the storage unit's capability of smoothing out time fluctuations of the power source. 
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Thermal energy storage offers a means of obtaining 
significant cost reductions in all problems involving 
both energy saving and the development of alterna- 
tive energy sources. Significant existing or potential 
applications can be found in many general areas such 
as power generation and industrial or domestic utili. 
zation. 

High-temperature sensible heat devices are in 
widespread industrial use, using the principle of heat 
transfer from a working fluid to a storage material, 
with subsequent energy recovery by reheating the 
fluid. Promising applications exist in gas turbine 
cycles (using solar, fossil, waste-heat sources), in 
superheated steam storage with nuclear or fossil- 
fuelled electric power plant, and in energy storage 
using compressed air with recovery of the heat of 
compression 1. In solar electrical conversion the stor- 
ing of large amounts of high-temperature energy is 
a key technology for successful exploitation of this 
energy source on a significant scale, permitting the 
intermittent solar energy to be used later upon 
demand 2. 

In any storage system, identification of the 
optimal operating conditions requires an under- 
standing not only of the energy supply, but also of 
how this energy is distributed within the store unit. 
In this type of situation, the energy distribution 
seems to vary with time; in many practical applica- 
tions the temperature of the fluid entering the storage 
system is subjected to periodic variations, which take 
place repeatedly for the whole operational time. With 
this in view a method has been proposed recently a'4 
for estimating system performance using sinusoidal 
inputs. 

The work reported here aimed to derive a 
general analytical solution for the transient response 
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of a sensible heat storage system, referred to periodic 
operating conditions, such as those of most common 
industrial and domestic applications ~-8. The 
mathematical treatment of thermal transfer processes 
is based on a two-phase model in which both fluid 
and solid preserve their own individuality, the solid 
phase being a porous medium where fluid flows in 
the void spaces. This is certainly more realistic than 
a one-phase model in which the store unit is approxi- 
mated by a homogeneous medium with uniform 
properties. The fluid-to-solid heat capacity ratio is 
properly taken into account, as is necessary in order 
to analyse new thermal storage systems, particularly 
packed beds with water as a fluid, adsorbent 
materials °-l°, low-melting alloys and liquid-metal 
storage (studied for fast-breeder reactors and solar 
power plants with a central receiver11). 

Several simplifying assumptions, including 
neglecting axial conduction in the solid, are as usual 
adopted in the analytical treatment of such two- 
phase models. However, the rigorous solution pro- 
posed improves understanding of the physical prob- 
lem, and at the same time can provide a useful means 
of checking the predictions of computed solutions 
of less idealized systems. 

M a t h e m a t i c a l  m o d e l  a n d  g e n e r a l  s o l u t i o n  

The mathematical approach is based on a thermal 
energy balance for either the fluid and the solid 
phase, and provides a set of two coupled partial 
differential equationst2: 

08f O~f 
p,c,e ~ + p ,c feu-~  = ha (8, - e,) (1 a) 

psCs(1 - e ) ~ =  ha(ef-Os) (lb) 
o-q 

Equations (1) entail the following customary 
assumptions: fluid in plug flow; constant physical 
parameters; negligible losses to the surroundings 
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and negligible radiation effects; negligible heat con- 
duction in the direction of fluid flow; and negligible 
temperature gradients normal to the direction of fluid 
f l o w .  

Scaling the space and time coordinates 
according to a fluid characteristic length x and a 
solid characteristic time t, the non-dimensionalised 
variables arise: 

ha ha 
x = ~ t = (2) 

pfcfeu p~c~(1 - e ) n 

together with the dimensionless parameter: 
pfcfe 

z (3) 
p,Cs(1-e)  

which represents the fluid-to-solid heat capacity ratio 
and can characterise significantly the dynamic 
response of storage units made by different materials. 
By introducing the dimensionless temperatures: 

O f - - O l  O s - - 0 1  
Tf = T~ - - -  (4) 

02 02 

where the typical values 01 and 02 will be specified 
later on; the coupled differential equations take the 
f o r m  

~Tf + OTf 
z = T~- Tf (5a) 

at 0x 

0Ts 
= T f -  T~ (5b) 

0t 
Because of the operating conditions men- 

tioned earlier it is assumed that the temperature of the 
fluid entering the storage unit is subjected to periodic 
variations, which in practice are due to intermittent 
energy supply and/or periodic utilisation demand. 
From the nature of the periodic phenomenon, the 
time variable has to be considered as ranging from 
-oo to +oo, and initial conditions are replaced by the 
requirement of a continuous 'steady-state' repetitive 
operation of the unit. The inlet fluid temperature 
will be given by a known periodic function O~(0, t), 
which yields an inlet condition Tf(0, t) = g(t), where 
g is the dimensionless form of 0f(0, t) according to 
Eq (4). 

The exact solution of the problem can be 
carried out by an exponential Fourier transform of 

parameter ~o with respect to the t variable. The trans- 
formed equations are: 

aT~+ (1 + koz)~(x, w) = T,(x, oJ) 
c3x 
(1 + ito)7~,(x, o~) = 7~f(x, w) 

and are readily solved by: 

~'f(x, w ) = ~(w ) exp [ - ( l + ioJz - - -  

#(~) -(1 7~s(X, ~o) = 1 - - ~  exp [ +ioJz - - -  

(6a) 

(6b) 

1 X 

1 x 

Transforming back to the original variable t yields, 
by way of the convolution theorem: 

t '  +oo 

Tf(x, t) = | T ~  (x, t -  t') g(t') dt '  (8a) 
d-  co 

+co 

t ) = f  T ~ ( x , t - t ' ) g ( t ' ) d t '  (8b) Ts(x, 
d - -  o o  

where the Green's functions 13 T~, T~ are given by: 

T ~ ( x , t ) = S ( t - z x ) e - X  + U ( t - z x ) ( t _ ~ x )  1/2 

xe-~-(t-~x) I i [2xX/2( t - zx )  1/2] (9a) 

T c (x, t) = U(t  - z x )  e -x-(t--`xl Io[2Xl/2(t - z x )  1/2] 

(9b) 
The physical expectation that g(t') may affect 

Tg and Ts at x, t only for t >! t '+ zx (corresponding 
to rl >~l '+~/u)  is fulfilled, since Eqs (9) imply that 
the actual upper limit of integration in Eqs (8) is 
simply ( t - z x ) .  The influence of z on the system 
response is now evident, as well as the actual depen- 
dence of the solution on the characteristics of Eq 
(5), namely x and ( t - z x )  only. 

The periodic nature of 0f(0, t) can be exploited. 
It seems convenient to choose for 01 the minimum 
of O~ over a period (denoted below by 2rr/oJo), so that 
T~ = 0 corresponds to 'cold' fluid. The total excursion 
of 8~ over a period (unit excursion on the T scale) is 
taken as O~. The inlet datum can then be Fourier- 
analysed as: 

g(t) = ~ fan cos (no~ot) + b, sin (nwot)] (10) 
rt=O 

Nomenclature 
a Fluid-solid contact area per storage 

unit volume, m -~ 
c Specific heat, J kg -1 °C x 
h Fluid-solid heat transfer coefficient, 

W m -2 °C-1 
[,  First-kind modified Besse] functions of 

order n 
t Dimensionless time 
T Dimensionless temperature 
u Mean fluid flow velocity, m s 1 
T Dimensionless temperature 
U Heaviside function 
x Dimensionless space coordinate 
z Fluid to solid heat capacity ratio 

Dirac function 

(5,k Kronecker symbol 
¢ Void fraction 
r~ Time, s 
O Temperature, °C 

Space coordinate, m 
p Density, kg m -3 

oJ Angular frequency 

Subscripts 
f Fluid 
s Solid 

Superscripts 
Fourier-transformed function 
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with the usual definition of the coefficients a,  and 
b,. Now, if g(t) is continuous, the Fourier series (Eq 
(10)) can be introduced into Eqs (8) and integrated 
term by term, to obtain the series representation for 
the solution: 

Tf(x, t) ~ r a C (f) ' (f) t . . . .  ix, t) ( l la)  = +b,,S,,, , ,o(X, t)] 
n=O 

T,(x, t) = [a.C.~o(X,~') ~ t)] t)+b.S.o,o(X, ( l ib )  
n=O 

where C~ ~ and C~ ) (S~) and ~,o¢~)~. denote the fluid 
and solid response, respectively, to the cosinusoidal 
(sinusoidal) input with angular frequency co. Such 
responses can be determined analytically. With 
reference to the case: 

g(t) = sin (wot) 

Eel (5) may be solved via Eels (6)-(9), bearing in mind 
that delta functions arise as Fourier transforms of 
sines and cosines. The solution is simply given by: 

2 

S(:'o(X,t)=exp( l ~ - ~ x )  
-t-CO0 / 

X 2 xsin[COo(t-zx-~)]l (12a) 

(s) 1 CO2o x~ 
S°'°(x ' t ) - l+-w~exp( 1 - ' + - ~  ] 

(12b) 

and exhibits an exponential damping combined with 
a linearly increasing phase shift. The corresponding 
cosinusoidal case gives analogously: 

C( ' ) '  t) e x p (  co°~ ) 
o,o Ix, = l+~oo2X 

xcos  [coo( t -zx  1 +x~') ] (12c) 

C,~,, 1 ( co~ ) 
,oo Ix, t) = ~ exp x 

* * c o o  

z x  

X 2 

Consequently S~ ~ = S~o '~ = 0 and C~ ~ = C~ ) = 1. 
The response to any inlet condition g(t) is 

thus given in full by Eels (11) and (12), and only the 
expansion coefficients of the trigonometric Fourier 
series for g need be calculated. 

Applications and results 
Immediate consequences of the analytical 
expressions in the previous section are that Tf and 
Ts are both periodic with the same period 27r/coo as 
g, for any x, and their average over the period is still 
ao, as is clear from a physical standpoint, since losses 
to the surroundings have been disregarded. Further- 

more, for any value of t: 

lim Tdx, t) = lim Ts(x, t) = ao (13) 

so that a sufficiently long bed is able to smooth out, 
as much as desired, all time variations of the power 
supply. 

In the following the response of the storage 
system to some typical trend of the inlet datum g(t) 
is examined for different values of the dimensionless 
parameters x, z, coo, which also depend on the par- 
ticular kind of storage unit. 

(a) For a sinusoidal input: 

1 + sin (coot) (14) 
g(t) = 2 

and then ao=½, b t=~,  whereas all other a,  and b, 
vanish. The response thus exhibits the occurrence 
of a cosinusoidal term in the solid phase. 

(b) In the absence of energy supply over a half 
period, and for a sinusoidal supply over the active 
half period, the inlet fluid temperature takes the 
form: 

. . . .  ~ < t ~ - -  (15) 
COO COO 

while the coefficients of the Fourier series are given 
by: 

1 1 (-1) ~"-2)/2 1 +( -1)"  
a o  = - -  a t  a .  - 2 

77- = 2  77 n - 1  

n = 2 , 3  . . . . .  b . = O  n = l ,  2 . . . .  (16) 

Some of the results obtained are shown in Fig 1. 

k 

- 5 0  - 25  0 25 5 0  
t 

Fig 1 Fluid (solid line) and solid (dashed line) 
outlet temperatures versus time for different values 
of  x and for z =0.1, in the case of Eq (15) 
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(c) Another  in teres t ing  t rend  of the inlet  f luid tem-  
pera tu re  is g iven  b y  a cons tan t  in te rmi t ten t  supp ly ,  
wi th  l inear  t rans i t ion f rom and  to the per iods  of no 
supply .  T h e  shape  of the inpu t  is charac te r i sed  b y  
the s lope of the l inear  t ransi t ion,  a,  and  the dura t ion  
of cons tan t  supply ,  213, wi th  

0~</3 < Ir/a,o O< 1 / a  <- (~r/a,o) - /3  

and  its ana ly t ic  express ion  is: 

g(t)= + ~ t ~ - ~ l t l  t3<lt l~<~ + 1 / ~  (17) 
/3 + 1 /~  ~< ItL ~< ~'/o~o 

A very fast swi t ch ing  b e t w e e n  the two opera t ions  is 
desc r ibed  by  the l imit  for a ~ + ~ .  T h e  Four ie r  
coefficients can  be  eva lua ted  analyt ica l ly ,  thus:  

a o = ~ ( / 3  + 1 ) 

4a  (n~o'~ 
an - -  2 sin 

n 1roJo \ 2a  ] 

n = l , 2 , . . .  

b ,  = 0 n = 1, 2 . . . .  (18) 

-50 - 2 5  0 25 50 
t 

F i g  2 F l u i d  ( so l id  l ine)  a n d  s o l i d  ( d a s h e d  l ine)  
o u t l e t  t e m p e r a t u r e s  v e r s u s  t i m e  ]or  d i f f e ren t  v a l u e s  
o f  x a n d / o r  z = 0.1, in the  case  o / E q  (17), w h e n  
fl = ~r / 2o~o - i / 2 a  = 3~r / 8~Oo 

Some results  for  the s y m m e t r i c  case / 3 + ( 1 / 2 a ) =  
~r/2oJo are g iven  in F ig  2. 

Conclusions 
In  Figs  1 and  2 the t empera tu re s  T~ and  7", are p lo t ted  
versus  t ime  over  the per iod  (-zr/a,o, zr/oJo), wi th  
~'/a,o = 50, for  different  values  of x (x = 0, 20, 50, 200, 
500) bu t  for a fixed va lue  of z (z =0.1) .  T h e  effects 
of z on Tf and  Ts are in fact  appa ren t  f rom Eqs  (12): 
increas ing  z for  a fixed x amoun t s  s imp ly  to sh i f t ing  
the t ime  var iab le  b y  a cons tan t  t ime  lag, and  therefore  
it is sufficient to k n o w  the t empera tu re s  sought  for 
a s ingle va lue  of z. I t  shou ld  also be  not iced  that  the 
fluid t empe ra tu r e  at x = 0 r ep roduces  the inlet  condi-  
tion. T i m e  var ia t ions  at the inlet  are c lear ly smoo th ed  
out as x increases ,  and  a s ingle  s inusoidal - l ike  term, 
wi th  a per iod  27r/a,o, will  domina t e  for large x (com- 
pare  Eqs  (11) and  (12)). Also, the locat ions of m a x i m a  
and  m i n i m a  con t inuous ly  increase  wi th  x, and  there 
is a su i table  b e d  length  for wh ich  the wa rmes t  fluid 
at the outlet  is ob ta ined  c o r r e s p o n d i n g  to the 
m i n i m u m  p o w e r  s u p p l y  at the inlet. 
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